Open classical systems with balanced, spatially separated gain and loss, also called PT symmetric systems, are a subject of intense, ongoing research. We investigate the properties of a classical chain with spatially separated viscous loss and stochastic gain that are balanced only in a statistical sense. For a purely harmonic chain, we show that a split Langevin bath leads to either the absence of thermalization or non-equilibrium steady states with inhomogeneous temperature profile. Both phenomena are understood in terms of normal modes of the chain, where dissipation in one normal mode is correlated with the velocities of all other modes. We obtain closed-form expressions for the mode temperatures and show that nonlinearities lead to steady states due to mode mixing even in the presence of a split Langevin bath.
I. INTRODUCTION
In 1998, Bender and colleagues surprised the physics community by introducing a wide class of non-Hermitian Hamiltonians on an infinite line with purely real spectra [1] . These Hamiltonians shared the key property that they were invariant under combined operations of parity (P) and time-reversal (T ), i.e. they were PT symmetric. Intense mathematical research in the following decade clarified that PT symmetric Hamiltonians are a special case of pseudo-Hermitian [2, 3] or crypto-Hermitian [4] Hamiltonians, and that an antilinear operator commuting with a Hamiltonian ensures a spectrum that is ei ther purely real or has complex conjugate pairs [5, 6] . It showed that when the spectrum is real, one can define a unitary quantum theory [7] by finding a Hamiltonian-dependent, positive definite (CPT ) inner product [8] . This approach assigned meaningful interpretation to non-Hermitian Hamiltonians when their spectra are real, but not when they become complex; it redefined the observables in a system and is most likely not a fundamental description of nature [9] .
An alternate approach for making sense of a PTsymmetric Hamiltonian is to treat it as an effective Hamiltonian for an open system with balanced, spatially separated gain and loss [10] [11] [12] [13] [14] . Since it describes an open system, unitary evolution under it is neither expected nor required, and the behavior of the open system under both, real or complex-conjugate, spectra is physically meaningful. Given recent advancements in fabrication, characterization, and control, PT symmetric Hamiltonians describing essentially classical systems have been experimentally realized in optoelectronics, metamaterials, synthetic photonic lattices, etc. [15] . Their experimental investigations have shown that judiciously engineering gain and loss, and the communication * Email: akharter@iupui.edu between them, leads to functionalities that are absent in closed systems [15] . Thus, compensating a loss locally with an equal gain mimics a closed system, whereas compensating a loss with a spatially separated, balanced gain leads to novel properties.
The concepts of gain and loss occur most naturally in classical statistical systems. When a system -say, a chain of coupled oscillators is in contact with a thermal reservoir, the resultant friction and thermalization can be modeled by a Langevin thermostat [16, 17] , i.e. a viscous drag force and a random, thermal noise that are at the same location. The strength of the random force is determined by the damping coefficient and the bath temperature, and it leads to an equilibrium state where the loss and random gain are balanced on average [18, 19] . When multiple Langevin thermostats are present, indicating a system coupled to multiple reservoirs, nonequilibrium steady states with thermal gradients across the system are observed [20, 21] . In all of these examples, the losses are statistically and locally compensated by the random gain. We also note that PT -symmetric harmonic chains connected to Langevin baths have also been studied [22] . In these active chains, however, the frictional loss is not accompanied by the noise, and implementing a velocity-dependent gain, with or without fluctuation effects, is challenging. Instead, we consider configurations with a viscous loss and a random thermal gain, both of which are consistent with fluctuation dissipation theorem.
What if the viscous loss and a statistically balanced random gain are spatially separated? To answer this question, we introduce a split-Langevin bath, and investigate the fate of the equilibration process in its presence. In Sec II, we present numerical results for steadystate properties of the chain with a split Langevin. With the aid of stochastic and normal-mode analysis, we explain the numerical results and obtain analytic results for the phase-space covariance matrix in the steady state in Sec. III. In Sec. IV, we discuss the influence of quartic and Hertz interactions on the thermalization process.
The paper is concluded with a brief discussion in Sec. V.
II. THE SPLIT LANGEVIN BATH
Consider a one-dimensional, classical chain of N + 2 identical particles with mass M coupled by N −1 intermediate springs with spring constant k, where the auxiliary end masses are fixed. The dynamics of such a system, in terms of the displacement from equilibrium q m (t) and the velocityq m ≡ dq m /dt, are described by N coupled differential equations. When this chain is immersed in a bath at temperature T , the resulting frictional force on each mass is given by −γq where γ > 0 is the damping coefficient. The fluctuation-dissipation theorem [18] requires that each mass is also subject to a random, zeromean, white-noise force f (t) from the bath which satisfies f (t)f (t ) = 2γk B T where k B is the Boltzmann constant. Due to this random gain, the time-averaged energy density of a long chain reaches a steady state value equal to k B T , consistent with the equipartition theorem. We mention as well to the reader that the equilibration occurs, albeit on a longer time scale, if the Langevin thermostat is coupled only to the end masses. Motivated by the idea of spatially separating loss and gain locations, we consider the split Langevin configuration, see Fig. 1 . The drag −γq acts only on a mass at site m 0 (shown in blue), with no accompanying random force. Conversely, a random force f (t) with nonzero variance acts on the mass at site n 0 (shown in red), but there is no viscous drag at that location. All other masses (shown in black) have no loss or gain. Physically, such an arrangement is made possible by a vanishingly small temperature at site m 0 which minimizes the random force at that site, and a vanishingly small damping at site n 0 , along with divergent temperature, such that the variance of the random force is finite. What are the dynamics of such a chain? Will it always reach a steady state? How do its steady-state properties depend on m 0 and n 0 ?
The dynamics of a chain with the split Langevin bath are described by the following set of N coupled differential equations,
which make explicit the separation of the viscosity-dominated effects and the temperature-dominated effects. The open boundary conditions are imposed by the requirements q 0 (t) = 0 = q N +1 (t). Here, without loss of generality, we have used the set of units where M = 1 sets the mass scale, k/M = ω M = 1 sets the frequency (and time) scale, and k B T 0 = 1 determines the energy (or temperature) scale such that f (t)f (t ) = 2γδ(t − t ). Note that the scale for the damping coefficient γ is equal to M ω M . We solve Eq.(1) via velocity-Verlet integration [23, 24] , and obtain the time-averaged kinetic energy for each mass, i.e.
In the following, we use the site-dependent kinetic energy E m or the local temperature
For the usual Langevin model (m 0 = n 0 ), the chain equilibrates to a uniform temperature profile, i.e. E m /(k B T 0 ) → 1/2 for all m. When m 0 = n 0 , the split-Langevin system either reaches a steady state with a site-dependent kinetic energy, or it fails to reach a steady state and the time-averaged kinetic energy diverges with the integration time τ . If the chain reaches a steady state, we define the mean temperature of the chain as Figure 2 shows typical results for log 10 T obtained from numerical simulation of Eq. (1) as a function of the loss site m 0 and the random-gain site n 0 for chains with N = 11 (a) and N = 12 (b) sites respectively. The white squares denote configurations where the chain does not reach a steady state. The salient features of these results are as follows. When m 0 = n 0 , we obtain the usual Langevin result, namely the chain equilibrates to a uniform, constant temperature. When m 0 = n 0 ,the chain does not reach a steady state if and only if m 0 and n 0 are co-prime and m 0 is a nontrivial factor of N + 1. Thus, when N = 11 and the loss is on site m 0 = 3, the chain reaches a steady state if and only if the random gain is on site n 0 = {3, 6, 9}. On the other hand, for an N = 12 chain, all loss-gain configurations lead to steady-state results because N + 1 is a prime number. We also note that the highest steady-state temperature -a ten-fold increase from the traditional Langevin result is achieved when the loss is on the end masses and the gain is at the center of the chain. The results are symmetric under re- Mean-temperature profile for a split-Langevin chain with N masses, drag at site m0 and random gain at site n0. All temperatures are measured in units with kBT0 = 1. (a) log 10 T for an N = 11 chain shows that mean temperatures vary over a factor of ten; white squares denote configurations where the chain does not reach a steady state. (b) for an N = 12 chain, steady state is reached for all configurations. In (a) and (b), the largest mean temperature T is reached when the viscous drag is at end points and the random gain is in the center. Local temperature profiles for an N = 11 (c) or N = 12 (d) chain with loss at m0 = 5 (blue bar) and random gain at n0 = 2 (red bar). The gray boxes indicate the theoretical results, whereas the black bars indicate the values resulting from direct numerical integration and averaging. All results were simulated up to a normalized time τ = (2π/ωM ) × 10 5 with integration time-step ∆t = 0.1(2π/ωM ).
but not under the exchange of loss and random-gain locations, i.e. T (n 0 , m 0 ) = T (m 0 , n 0 ). Figures 2c and 2d show the steady-state local temperature for a configuration with random gain on site n 0 = 2 (red bar) and the viscous drag on site m 0 = 5 (blue bar) for chains with N = 11 sites (c) and N = 12 (d) sites. The black bars are results obtained from numerical integration of equations of motion, by using a cutoff τ = (2π/ω M )×10 5 and a discrete time-step ∆t = 0.1(2π/ω M ). We have verified that they remain unchanged when the cutoff τ is increased or the time-step ∆t is reduced. The gray boxes denote analytical results that are obtained from the steady-state momentum covariance matrix that is derived in Sec. III. For both chains, the non-equilibrium steady states have heterogeneous temperature profiles that are dictated by the loss and random-gain locations. In particular, we see that although the random-gain site is the hottest, and the viscous drag site is the coolest, the site temperatures at other locations are not, in general, monotonic in the distance from the gain or the loss location. These results are valid for any chain size N , and imply that a split Langevin bath offers ways to engineering nonequilibrium steady states with complex temperature profiles.
Next, we analytically investigate the long-time behavior of a split Langevin chain, by obtaining the positionmomentum covariance matrix and characterizing the requirements for the emergence of a steady state.
III. STOCHASTIC ANALYSIS AND NORMAL-MODE PICTURE
Given the dynamics of a split-Langevin chain described by Eq.(1), we wish to obtain its long-time properties, including a criterion that determines whether the chain reaches a steady state or not. To that end, we write Eq. (1), with a white-noise term, as a stochastic differential equation [25] 
where x = (q, p) T is the phase-space column vector with positions q and momenta p = Mq. For the sake of simplicity, in the following discussion, we will explicitly use M = 1 = ω M and k B T 0 = 1. The 2N × 2N matrices A and B are then defined as
where K is the N × N , tridiagonal, spring constant matrix, 1 N and 0 N are N -dimensional identity and zero matrices, P a is the projection operator onto the region that has the loss, and P b is the projection operator onto the region that has the random gain. We would like to emphasize that the following results are valid for general projection operators; the single split-Langevin case corresponds to a = m 0 and b = n 0 . The stochastic differential term dW = (0, · · · , 0, dw 1 , · · · , dw N ) T denotes a column vector with N zeros and N independent, identically distributed random variables dw m with zero mean and unit variance.
The time-dependent correlation function σ(t) ≡ x(t)x(t) is given by [25] 
where · · · denotes the stochastic average. If the system described by Eq.(4) reaches a steady state, then the real, steady-state covariance matrix σ satisfies [25] Aσ + σA T = BB T .
Let us denote the covariance matrix in block diagonal form [20] σ = qq
In terms of the position-, momentum-, and their crosscorrelations, Eq.(7 reduces to
In general, solving Eqs. (9)- (10) explicitly to obtain the entire steady-state covariance matrix σ is a challenging task. However, we are interested in the steady-state temperature profile and that can be obtained from the momentum correlation matrix σ p . Let |α denote the normal modes of the spring constant matrix, i.e. K |α = ω 
where we have used the fact that momentum correlation matrix gives the eigenmode temperature, i.e. α|σ p |α = k B T α . It is clear that Eq.(11), the necessary condition for a steady-state result, cannot be satisfied if P a |α = 0 and P b |α = 0.
The physical interpretation of this criterion is simple: if a normal mode |α decouples from the loss region, P a |α = 0, while remaining coupled to the random gain region, P b |α = 0, then it cannot thermalize and therefore the system cannot reach a steady state. For a single split-Langevin bath, this criterion for the absence of a steady state reduces to the joint requirements that m 0 , n 0 are co-prime and m 0 is a nontrivial factor of N +1 (Fig. 2a) . In particular, it implies that a system with a split Langevin bath will always reach a steady state if N + 1 is a prime number (Fig. 2b) .
When all normal modes couple with the loss region, P a |α = 0, the steady-state temperature of a normal mode is given by
where k B τ α ≡ α|P b |α / α|P a |α . For the standard Langevin bath this simplifies to k B T α = 1, i.e. all normal modes have the same temperature. For a split Langevin bath, k B τ α is the ratio of the normal-mode weight on the random-gain site to its weight on the viscous-loss site. However, the second term in Eq.(12) also contributes due to the nonzero off-diagonal matrix elements of σ p . We note in the passing that the local kinetic temperature T m is also obtained from the steady-state covariance matrix,
We use Eq.(13) to obtain the analytical results for the local temperatures shown in Fig. 2c ,d. Figure 3a shows the normal-mode temperatures k B T α for an N = 6 site chain with loss on the first site, m 0 = 1, and random gain on the second site, n 0 = 2. The gray boxes denote the first term in Eq.(12) and the black bars are the exact result. In this case, we see that the contribution from off-diagonal terms in the momentum covariance matrix is negligible. When m 0 = 1 and n 0 = N , Fig. 3b shows that the T α -profile has a strong contribution from other modes that monotonically increases with the mode index α. Figure 3c shows the normalized difference ∆T ≡ 1 − τ α /T α for an N = 60 site chain, with m 0 = 1, n 0 = 2 (c) and m 0 = 1, n 0 = N (d), as a function of the normal mode frequency ω α and the damping coefficient γ. In general, ∆T increases with the damping coefficient. In the first case, it is symmetric about the frequency-range center, and overall small in magnitude, as is the case in Fig. 3a . On the other hand, when the loss and the random gain are maximally separated, the normalized difference ∆T increases with the mode frequency and is, on average, larger (Fig. 3b) .
In a standard Langevin bath, the thermal energy is equally distributed among all modes. Results in Fig. 3 , on the other hand, show that by judiciously engineering the split Langevin bath, one can selectively heat up phonons in the band middle (a,c) or at the top of the band (b,d). This result provides a complementary view of the non-equilibrium steady state as compared with the non-uniform site-dependent temperature profiles seen in Fig. 2c,d .
To get a better understanding of the steady-state criterion in terms of the covariance matrix, we explicitly evaluate Eq.(6) by using the right and left eigenvectors of the non-Hermitian, real matrix A. Using the spectral decomposition
where we have used the notation |L n to denote the transpose of the left eigenvector. It is clear that the matrix σ mn (t) reaches a steady state if and only if all eigenvalues have positive real parts, i.e. λ m > 0 for all m, or L m |BB T |L n = 0 when λ m ≤ 0. The first requirement, physically, means that the normal modes couple to the loss region. The second means that a normal mode must decouple from the random-gain region if it does not couple to the loss region. To see this, we must analyze the properties of eigenvalues and eigenvectors of A.
When the eigenvalue problem A |R = λ |R is cast in terms of blocks of A, we can see that the 2N dimensional eigenvectors |R admit the specific form |R = (|v , −λ |v )
T where the eigenvalue λ and the Ndimensional vector |v satisfy the equation
In the absence of drag and thermal noise, the solutions of Eq.(15) are λ = iω where ω is a normal mode frequency. Clearly, in this case, the eigenvalues are all pure imaginary and no equilibrium is reached because there is no dissipation in the system. Next, we consider the leadingorder correction to the eigenvalues as γ is increased from zero. Equation (15) implies that
where |v is the normal-mode eigenvector corresponding to the phonon eigenvalue ω. Thus, a steady state is achieved if and only if all normal modes satisfy v|P a |v = 0 and thus couple to the loss region. If v|P a |v = 0, by writing L| = (− v| K/λ, − v|), the constraint for the steady steady behavior, L|BB T |L = 0 reduces to v|P b |v = 0. This means that a normal mode that decouples from the loss must also decouple from the random-gain site if a (time-averaged) steady state is to be reached. This analysis shows that the presence or absence of non-equilibrium steady states in a split Langevin bath is easily characterized in terms of normal modes of the system in the absence of the bath. In the following section, we will investigate how these results change when the interactions between these modes are taken into account.
IV. EFFECTS OF ANHARMONICITY
The potential energy of the harmonic chain in Fig. 1 is given by the quadratic form U 0 (q) = q T Kq/2. When spring anharmonicities are taken into account, it changes to
We note that g is measured in the units of M 2 ω 4 M /k B T 0 . The quartic interaction mixes the normal modes (phonons) of the harmonic chain, and therefore the system reaches a steady state for all configurations of the split Langevin bath. To demonstrate this phenomenon, we obtain the mean temperature T by numerically integrating the equations of motion with the anharmonic force, in the presence of a split Langevin. These simulations are carried out up to τ = (2π/ω M ) × 10 5 with time-step size ∆t = 0.1(2π/ω M ). Figure 4a shows the inverse mean temperature 1/k B T as a function of g for a chain with N = 9 masses and the random gain on site n 0 = 1. When the viscous loss is on site m 0 = 2 (red squares) or m 0 = 5 (black diamonds), the harmonic chain does not reach a steady state and thus 1/k B T → 0 as g → 0. As g increases, the mean temperature reaches a finite, constant value. This temperature is consistent with split Langevin configurations that reach a steady state in the harmonic limit, such as the one with loss on site m 0 = 3 (blue circles). These results show that a large anharmonicity g ∼ 1 is necessary for different split Langevin baths to lead to mean temperatures that are approximately the same.
Lastly, we consider a Hertzian anharmonicity model. The contact force between two precompressed, elastic spheres with centers-of-mass locations q 1 and q 2 is given by [27, 28] 
where ∆ denotes the distance between the centers in the precompressed state, Θ(x) is the Heaviside function, and without loss of generality, we have set the strength of the force to unity. The Heaviside function represents the fact that when the center-of-mass distance is larger than its precompressed value, the spheres do not exert any force on each other; on the other hand, as the spheres get closer, they exert a repulsive force that is stronger than the Hookes law. This model becomes harmonic in the limit when the center-of-mass distance fluctuations are far smaller than the precompressed distance, i.e. ∆ → ∞. Granular crystals -one and two dimensional configurations consisting of macroscopic, elastic spheres (or other shapes) have emerged as a promising candidate for studying single-particle and nonlinear dynamics in a controlled and tunable setting [28, 29] . One dimensional granular chains have been used to observe band If the system is stable in the g = 0 limit (m0 = 3), the addition of the quartic potential does not appreciably change its mean temperature. (b) Inverse mean temperature as a function of the static precompression ∆ in the Hertzian contact force. When ∆ is small, the mode mixing is dominant, leading to a steady state. As ∆ is reduced, the mean temperature diverges for m0 = 2 and m0 = 5 configurations. Note that for a Hertzian contact force, the harmonic limits corresponds to ∆ → ∞. For both nonlinearities, the numerical simulations were performed up to a normalized time τ = (2π/ωM ) × 10 5 with integration time-step ∆t = 0.1(2π/ωM ).
structure [28] , solitary waves [30, 31] , interface shock waves [32] , breathers [33, 34] , and acoustic switches [35] . The ability to address, excite, and track individual particles in these chains [28] suggests that a split-Langevin bath can be engineered in such chains more easily than in microscopic, naturally occurring chains. Figure 4b shows the inverse mean temperature 1/k B T of a granular chain with N = 9 precompressed masses with Hertzian interaction, random gain at site n 0 = 1, and viscous loss at site m 0 = 2 (red squares), m 0 = 3 (blue circles), and m 0 = 5 (black diamonds). At small ∆, all split Langevin configurations reach a steady state with a similar mean temperature. As ∆ increases, the effect of nonlinearity decreases, the normal mode mixing decreases, and we see that two of the three Langevin bath configurations (red squares and black diamonds) show increasing mean temperature that herald the divergent result in the purely harmonic limit. For a moderate ∆ ∼ 3, the mean temperatures for the divergent cases, m 0 = {2, 5}, are an order of magnitude larger than that of the steady-state case m 0 = 3. Thus, observation of the effects of a split Langevin bath in a granular chain is highly feasible.
V. CONCLUSION
Recent studies of systems with balanced gain and loss, or PT symmetric systems, have shown that spatially separating the gain from loss leads to novel functionalities that are absent when the gain locally compensates for the loss. Motivated by this physical picture, we have introduced a split Langevin bath, where the viscous loss in one location is compensated by a spatially separated random gain that is statistically balanced.
We have shown that non-equilibrium steady states with non-trivial local temperature profiles occur in such configurations, whereas a regular Langevin bath leads to a uniform temperature. In a complementary picture, this implies that the split Langevin bath permits selective heating of some normal modes, whereas the regular Langevin bath leads to equipartition of the thermal energy into all normal modes. In the harmonic limit, if a normal mode decouples from the loss, but not from the random gain, the system does not reach a steady state. We have studied the steady states that occur when the interactions between the normal modes are introduced by either spring anharmonicities or elastic Hertzian potentials. In both cases, we find that a high degree of anharmonicity is required to suppress the non-trivial heterogeneous local temperature profiles, which, otherwise, are readily evident.
In conventional equilibrium, the steady state is characterized by three equivalent properties, namely detailed balance, fluctuation-dissipation relation, and no heat dissipation. In traditional Langevin dynamics, a steady state cannot have all of these three properties [36] . The properties of steady states in a split Langevin bath are an open question, and answering it will provide deeper insights into systems with spatially separated, statistically balanced gain and loss.
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